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ABSTRACT 
We study the plural scattering of electrons in amorphous 
and polycrystalline films. The incident electron energy ranges 
from 0.1 to 3 MeV. The cross sections are obtained by mea-
suring the transmiss ion coefficient for targets of gold, silver, 
aluminium and carbon. The partial elastic cross section is cal-
culated from Lenz's theory using a Wentzel- Yukawa model 
for the atomic potential of the scattering atom. In the case of 
inelastic interactions, we take into account either scattering 
by a free atom (Morse's approximation) or scattering by plas-
mon creation (relativistic theory of Ashley Rit chie). From 
these results, we so lve the problem of electron transport in 
thin films with the aid of a Monte Carlo method. We use a 
single scattering model: each electron trajectory is followed 
through a success ion of distinct scattering events in the tar-
get. For each scattering event, the direction and, if necessary, 
the electron energy are modified. We obtain the angular dis-
tributions of the transmitted electrons and the broadening of 
the electron beams in the specime n. This study sheds light on 
the amplitude contrast of electron microscope images. 
Keywords: Monte Carlo method , Scattering cross sect ion , 
Electron microscopy, Plural scattering. 
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INTRODUCTION 
In electron microscopy, the study of the interaction be-
tween an electron beam and the atoms of a target is of great 
importance; it permits interpretation of image contrast, ex-
planation of the creation of irradiation defects in crystalline 
specimens, and prediction of X-ray emission for example. 
The basis of this study is elastic and inelastic electron scatter-
ing theory. The N-body problem we have to solve is a compli-
cated one; fortunately, the conditions of electron microscopy 
permit us to adop t certain approximations. This article 
describes the experimenta l and theoretical results obtained in 
the study of electron scatteri ng by Au, Ag, Al and C atoms, 
in kinetic energy range up to 3 MeV. 
We utilize amorphous or polycrystalline films the thick-
nesses of which are suc h that the scatter ing is sing le or plural. 
By the means of cross-sec tion calculations based on different 
models, we solve the problem of electron transport in the 
target, by a Monte Car lo method. 
CROSS-SECTION CALCULATIONS 
Let us consider a monoenergetic electron beam striking a 
homogeneous target; 1
0 
is the intensity of the incident beam 
and t the specime n thickness. When the conditions for single 
scatter ing are sat isfied, the intensity I (a) transmitted 
through the target inside the aperture angle 2a of the micro-
scope objective lens is given by : 
l(a) = I0 exp ( - Nta(a)) 
N is the number of scattering atoms per unit volume; a (a), 
the partial scattering cross-sect ion outside a, is obtained 
from: 
a(a) = 27r J7r Q(0)sin8d0 
a 
2 
where Q ( 0) is the differential scattering cross-section per 
unit solid angle. Equation 1 leads to a simple method of mea-
suring the partial cross-sections a( a) . The results obtained 
have been compared with the theoretical predictions (Mar-
tinez et al. 1979). In the range of energies used in transmis-
sion electron microscopy, scattering occurs at small ang les 
( ::s 10- 1 rad), and the first Born approximation is generally 
valid; the Rutherford differential elastic cross -section can be 
























LIST OF SYMBOLS 
intensity of electron beam (amps) 
= half aperture angle 
number of scattering atoms per unit vol-
ume 
specimen thickness (/Lm) 
partial scattering cross section outside a 
differential scattering cross section per unit 
solid angle 
scattering angle 
radial distance from the center of the atom 
atomic potential at the distance r(V) 
atomic number 
electric charge of the electron (c) 
screening parameter (manometer) 
subscripts respectively elastic, inela stic, 
plasmon 
mass of the elecJron (kg) 
wave vector ( 11 k II = k) 
Planck's constant (h = h/27r) 
ratio of electron velocity to light veloci ty 
screening angle 
kinetic energy of electron beam (keY) 
minimal scattering angle 
relativi stic factor (-y = I / ~ ) 
mean energy lo ss (eV) 
light velocity 
pla smon energ y (eV) 
cut off wave vector 
solid an gle 
first ioni zation pot ential of carbon atom 
(J;= I 1.27 eV) 
uniform pseudo-random numb er 
angular deflection 
angular di stribution function 
distance travelled by an electron 
element of electron trajectory 
mean free path 
elastic scattering probability 
k th inela stic scattering probability 
azimuth angle 
mean ionization energy 
voluminal mass 
atomic mass 
most probable energy loss 
(~E p) L' LiEL most probable and mean energy loss given 





most probable deflection angle 
most probable spreading distance 
distan ce between incident beam and edge 
of gold inclusion 
distance of the gold inclusion from the top 
of the sample 
employed taking into account the screening effect of atomic 
electrons . Assuming a Wentzel-Yukawa atomic potential: 
r 




Lenz (1954) has given a formula for a(a), which includes 
inelastic scattering in the Morse approximation : 
a Z - I 
C [ 2 2 ] a(a) = - --- - + 2f n (I + 0 0 / a) 
Z l +a 2 / 0 ~ 
0 0 is related to the screening parameter with 0 0 = I / ka . 
a , is the total elastic cross section: 





Equation 4 although only approximate, is very easy to use, in 
the range of small angles of interest in high voltage electron 
microscopy. However, the choice of the screening parameter 
is crucial; using our experimental data for a( a), we have 
computed the value of a for various atoms (Martinez et al. 
1979) . The corresponding values of th e elastic cross-section 
are listed in Table I. 
For contra st and resolution calculations in electron micro-
scopy, it is essential to know the inelastic scattering cross-
section accurately. This is of particular importance in the 
study of low-Z elements such as carbon, in biological sam-
ples . In spite of the progress made in the electron collision 
theory (Inokuti, 1971, 1979), there is as yet no analytical des-
cription of inelastic scattering that includes all the elementary 
processe s. 
Morse's approximate description of the scattering by an 
isolated atom, with an estimate of the incoherent scattering 
function given by the Raman Compton formula, leads to : 
a, 2 2 
a;= - [ 2fn (I + 0 0 / 0E) - ---- ] 6 
Z 1+ 0 ~/ 0 ~ 
0 E is related to the mean energy loss ~E by: 
7 
The expre ssion repre sent s the an gular inela stic scattering of 
100 keV to 3 MeY electrons by an isolated atom sati sfactori-
ly. However , it mu st be corrected to take into account solid-
state effect s. 
Alternatively, Pine s theory of collective oscillation s of val-
ence electron s in solid targets lead s to the concept of a plas-
mon excitation cro ss-section, aP. In the relativistic form 
(Ashley and Ritchie 1970): 
e E p nq C {3c 
ap = --- en - - -
n 2c 2{32 1.13 E P 
8 
where EP is the plasmon energy and q c is the cut-off wave 
vector. To evaluate the angular range concerned by each of 
the two description s in electron microscopy, Figure I shows 
the variations of the differential cross-section Q (0) = da I 
drl. The element studied is carbon, for which inelastic 
scattering predominates at small angles. 
In Fig . I curve (a) corresponds to the plasmon scattering 
theory; curves (b) and (c) represent the isolated atom descrip-
tion, with two values of the mean energy loss LiE: on (b), 
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Table 1 
Total elastic scattering cross sections ( x 10- 24m2) 
C Al 
a in 
EJn nm 2.21 1.85 
MeV 
0.1 39.2 129 
0.5 15.8 57.2 
1.2 12.92 43.5 
1.5 12.58 42.6 
2 12.27 41.5 
2.5 12.11 41 
3 12.02 40.7 
LiE = J / 2 where Ji is the first ionization potential of the 
carbon atom (Ji = 11.27 eY); on (c), we choose the value 
given by Marton and Sch iff (1941): t.E = 44 eV. For 
comparison, curve (d) represents the elastic scattering. 
For angles above 5 x 10 - 5 radian, the two models give 
similar results, and we conclude that the Morse approxima-
tion for the isolated atom is a suitable representation of the 
inela stic scattering. 
At smaller angles, thi s repre sentation needs to be corrected 
for so lid-stat~ffect s. For the isolated atom theory , we adopt 
the value of t>E given by Marton and Schiff (1941) . 
Table 2 shows the ratio of er; to u,: total inelastic scattering 
plays a leading part in the case of light elements such as car-
bon . We note that the electron energy has little effect upon 
the ratio. 
THE MONTE CARLO METHOD 
Given the differential cross-sections, we can simulate elec-
tron transport in matter by a Monte Carlo method (Martinez 
and Ballad ore, 1979; Reimer, 1968; Shimizu et al. 1976 and 
Soum et al. 1979). We consider the case of relatively thin tar-
gets: the number of collisions is below ten and we are thus in 
the plural scattering region . Experiments made on such tar-
gets in electron microscopy allow us to compare experimental 
and theoretical results . 
We simulate the trajectory of each electron by generating 
uniform pseudo-random numbers X. The angular deflection 
0d of an electron that has travelled a distance .::ls through the 
sub stance is related to X by 
X = 27r J : d F ( 0) sin 0 d 0 9 
During each step .::ls the angular distribution function F( 0) 
must be known. tis is short enough for us to assume that only 
one scattering process takes place . F( 0) is then directly con-
nected with the differential cross-section: this is the single 










































Fig. I. Variations of the differential cross section for carbon 
--- - a: plasmon - b and c: inelastic (isolated atom 
description) d: elastic. 
Table 2 
Ratio of CT; to ere 
E in MeV C Al Ge Au 
0.1 3.2 I. 19 0.31 0.066 
1.2 3.7 1.35 0.34 0.074 
3 3. 73 1.36 0.35 0.074 
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I 
F(0) = - Q(0) 
a 
and 
a = J ~ Q ( 0) 21r sin 0 d 0 II 
We must compute the step- length s between successive events 
and any energy loss suffered by the electron. We have chosen 
the single scattering model, which is more accurate since cer-
tain approximations are avoided. For the distribution of path 
lengths, we adopt a direct sampling method. Each electron 
undergoes a sequence of elementary events between which it 
advances in a straight line. The path length between the n th 
and the (n + J) th collision is related to the mean free path of 
the electrons in the material considered. The trajectory is 
divided up into elements much shorter than the mean free 
path. If Ae and Aik respectively are the mean free paths for 
elastic scattering and for k - th inelastic process, the scattering 
probabilities on the trajectory element t.L are respectively: 
t.L 







By associating a pseudo-random number X with these differ-
ent probabilities we obtain one of the events (elastic, inelastic 
or no interaction). Because of the symmetry of the isolated 
atom, the azimuth 4> of the trajectory becomes a simple sec-
ond random number 21rX. Knowing the deviation (4>, 0) 
resulting from the interaction we determine the direction 
cosines of the trajectory. 
The determination of the depth z reached by the electron is 
compared to the thickness t of the sa mple. When z = t we 
have: 
-the angular deviation 0 from the incident direction 
- the position (x, y) of the electron on the lower face and 
the sp reading r2 = (x2 + y2) relativ e to the incident beam 
-the electron energy, from which we can obtain the 
energy loss distribution. 
RES UL TS OBTAINED 
In order to test our method we have compared our findings 
with published experimental results. On Fig. 2, we present 
the angular deviation probability density for 20 keV electrons 
in a luminium. The experimenta l curve is due to Coss lett and 
Thomas (1964), and the histogram is obtained with the aid of 
our method, taking into account 5000 trajectories. The mean 
number of elastic scattering events is equal to 10 and there 
are about 20 inelastic events. 
We are at the limit between plural and the multiple scatter-
ing approximat ion s. 
The Monte Carlo method a llows us to simulate the energy 
loss distribution due to plural scattering; on Fig. 3 we com-
pare the theoretical results (histogram) with the energy spec-
trum obtained experimentally by Kihn et al. ( 1976). 
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This author has studied the energy distribution of electron 
transmitted through carbon targets for an accelerating volt-
age of 60 kV . In the example shown here, the specimen thick-
ness is equal to 3370 A and the mean free path to 1870 A. 
The plural scattering conditions are fulfilled . The histogram 
relating to I0,000 trajectories is obta ined by taking into ac-
count the energy spread of the incident electrons. The energy 
distribution has a full width at half height of I eV. We have 
compared the results of computations for carbon with those 
given by the Landau formula. In this theory the mo st prob-
able energy loss after a thickness t is given by 
2,,2 m~c 2 {P 
t.EP = ~ ( f11 (-- - ) - {32 + 0.198) 






t.E P is in electron-Volts, t in µm, I is th e mean ioni zat ion 
energy. The mean energy loss is given by 
15 
We compare in Table 3 the values of (t.Ep)L and t.EL given 
by these relations, with those given by Monte Carlo compu-
tation. 
There is good agreement in the case of the most probable 
energy loss. 
The result s concerning the mean energy loss are a little less 
close to tho se give n by Landau's theory. We note however 
that in all cases the Monte Carlo method gives high er values 
a nd thi s is in agreement with th e experimental results. 
We have applied our method to electrons with energies ly-
ing between 1.2 and 3 MeV. We present the results obtained 
in the case of carbon. For this light materi al the single inelas-
tic cross section is greater than the elastic one. It is intere sting 
to investigate the influence of the plural inelastic scattering 
on the angular distribution of electrons tran smitted through 
the sample. We have applied our method to each process 
taken separately. Figures 4 and 5 show the results obtained in 
the case of an accelerating voltage of I MV. These curves 
show that the inelastic scattering by plasmon creation is con-
centrated at small angles. As the thicknes s increases, the 
number of electrons having suffered elastic collisions only 
decreases and becomes small. 
The curve corresponding to scattering by all proce sses 
together allows us to predict the most probable scattering 
angle. Similar curves corresponding to the spatia l distribu-
tion of the electrons can also be obtained. These allow us to 
define the most probable spreading relative to the incident 
direction . In Table 4 we give the values obtained. 
0P and r P do not vary very much when the energy increases 
from 1.2 to 3 MeV. Even for small thicknesses, 0P for very 
high tension only reaches a few milliradians. In electron 
microscopy in order to obtain an appreciable contrast , it is 
necessary to use a diaphragm so that the microscope aperture 
is near to 0 . These results allow us to select the most suit-
able workin£ conditions of the microscope . 
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t = 3515 A 
V=20kV 
Fig. 2. Angular deviation probability density 
electrons in aluminium. 
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V: 60 kV 
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300 6E \eVI 
Experimental energy spectrum and Monte Carlo his-
togram. 
Values of mean energy loss comparison between Landau formula and our results. 
E in MeY tin µm (M'.p)L 
{ 0.4 106 0. 1 1.5 481 
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0.4 45 
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APPLICATION TO ELECTRON MICROSCOPY 
As an examp le we present a direct application of these 
results to the study of the contrast of biological specimens, 
heavy-metal stained and carbon-coated. With the aid of the 
Monte Carlo method, we have simulated electron trajectories 
in a sample consisting of half plane of gold surrounded by 
carbon . 
We compute the spatial distribution for various values of 
the microscope aperture and simulate the electron density in 
the image plane . The spatial distribution is defined in the 
following way: we take into account various incident beam s; 
the distance (d) from the incident point of each beam to the 
side of the gold plane varies . 
For one beam position the electron can cross the gold or 
the carbon. By taking into account various beams it is pos-
sible to represent the intensity distribution. 
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~EP ( ~E )L ~E 
110 161 186 
450 687 776 
63 66 
180 266 306 
420 560 610 
61 63 
210 253 291 
380 533 600 
As an example we have studied the case where 100 A of 
gold is placed in 2 µm of carbon. The accelerating voltage is 
equal to 2.5 MY, the aperture a to 1.52 x 10- 3 rad. The 
computations are made for two values of the parameter h 
(Fig. 6), 500 A and I 9500 A. We have taken into account 
100 beams; the distance between two consecutive beams is 
2 A. They are uniformly distributed on the left and on the 
right of the gold inclusion . The contrast is then defined by 
the ratio of the differences of the electron densities transmit-
ted through carbon and gold to the density transmitted 
through carbon. 
Thu s we have simulated the spatial distribution of the elec-
trons after crossing this specimen in the cases: first, the gold 
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Fig. 4 and Fig. 5. Angular deviation probability density for 
Plasmon (P) Inelastic (isolated atom des-
cription) (In) Elastic + Plasmon (E.P) 
Elastic + inelastic (E.I) Elastic (El). 
Table 4 
9(rod) 
Values of eP (in mrad) and r P (in nm) for various values of carbon thickness . 
t(µm) 0.2 0.4 
0
MeV 
ep rP ep 
0. 1 3 10 12.5 
1.2 0.3 0.9 0.45 
2 0.26 0.4 








0.8 1.2 1.5 
ep rP ep rP ep rp 
29 100 47.5 150 54 500 
0.75 8 1.9 15 3.25 20 
0.5 0.75 2 
0.45 2 0.7 6 1.25 10 
The results are compared with the experimental results 
presented on the next plate. In this plate we show micro-
graphs with the gold on top (d) and below (g) and for com-
parison, without carbon (a) . With a microden sitometer we 
measure the variations of contrast. We note a loss of contrast 
and of resolution in top position relative to the results ob-
tained in the bottom position. The spatial distributions 
obtained with the aid of the Monte Carlo method (c,f,i) cor-
roborate these results. 
In Table 5 we compare the numerical results obtained from 
these experiments . 
Fig. 6. Diagram of the sample observed. 
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Table 5 
Comparison between experimental and computed contrast of 
the sample shown in Fig. 7." 
CONTRAST EX PERIME NT AL MONT E CA RLO 
Go ld alone 310Jo 360Jo 
Go ld in top 
po sitio n 200Jo 220Jo 
Gold in bottom 
position 28% 320Jo 
CONCLUSION 
Measurements of electron transmission coefficients for 
amorphous or polycrysta lline targets can be interpreted by 
means of Lenz 's theory of small angle sca ttering . With in the 
scope of our experiments involving electron energies ranging 
from 1.2 to 3 MeV, the agreement between experimental and 
theoret ica l resu lts in the case of single scatte ring is sat isfying . 
With the aid of Morse's theory we can also interpret cor-
rectly the ine lastic scattering phenomenon. 
We are thus in a po sit ion to simu la te, with the aid of a 
Monte Carlo method , the transport of electrons in matter. 
This method of calcu lation is easier to use than many others, 
and we can predict the contrast of any specimen . 
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Fig. 7. Results obtained in observation of: 
--- - Plane of gold alone (a) micrograph, (b) microden-
sitometer record (c) Monte Carlo simulation. 
e 
-Plane of gold on top of carbon (d) micrograph, 
(e) microdensitometer record (f) M.C. simulation. 
h 
- Plane of gold below carbon (g) micrograph, (h) 
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